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Abstract
Lens spaces arise from free periodic maps on odd-dimensional spheres. They admit free
involutions. We show that if the period of the map is odd, the mod two invariants of such involutions
are very much like those of the antipodal map on the sphere, both for single lens spaces and for
bundles of lens spaces. In particular, Borsuk–Ulam type results over a base space can be obtained
for such lens spaces, just as for the spheres. On the other hand, the lens spaces arising from periodic
maps of even periods behave differently. For instance, there exists an equivariant map from the three-
dimensional real projective space to the 2-sphere. Ó 1999 Published by Elsevier Science B.V. All
rights reserved.
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1. Lens spaces
Let S2n+1 be the unit sphere in the complex (n + 1)-dimensional space Cn+1 and let
a :Cn+1 → Cn+1 be a complex unitary map of period p, i.e., ap = 1. We can assume
that a is represented by a diagonal matrix. The eigenvalues of a are pth roots of one. We
will denote by e :R→ S1 the exponential covering map, e(s) = e2pi
√−1s
. The diagonal
entries of the matrix of a are eigenvalues of a and are of the form e(q0/p), . . . , e(qn/p),
where q0, . . . , qn are integers such that 0< qi < p, i = 1, . . . , n.
The iterates a,a2, . . . , ap−1 are fixed point free on S2n+1 if and only if q0, . . . , qn
are prime to p. If this is the case we will say that the unitary map a :Cn+1 → Cn+1
is p-cyclic and free (outside the origin). We will write q = (q0, . . . , qn) and eqp =
(e(q0/p), . . . , e(qn/p)) for the diagonal matrix representing a ∈U(n+ 1) so that a can be
written as az= eqp · z for z ∈Cn+1.
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If G is a group acting on a space X, we will denote by X =X/G the orbit space of the
action.
The lens space arising from the free cyclic action of Zp on S2n+1 generated by a
unitary map a :Cn+1 → Cn+1 of period p with eigenvalues e(q0/p), . . . , e(qn/p) is
denoted by Lp(q0, . . . , qn); i.e., Lp(q0, . . . , qn) = S2n+1 with this action. We will also
write Lp(q)=Lp(q0, . . . , qn).
We will write “∼” for the equivalence relation on S2n+1 defined by the map a. Thus if
z, z′ ∈ S2n+1 then z∼ z′ iff z′ = (e(q/p))k · z for some integer k. The quivalence class of
a point z ∈ S2n+1 under this equivalence relation will be denoted by [z]; it is a point of
Lp(q).
2. The involution
Let a :Cn+1 → Cn+1 be a complex unitary map of period p as above. The map
Cn+1→Cn+1, z 7→ eq2p · z, commutes with a and thus induces a map α :Lp(q)→ Lp(q)
by α[z] = [eq2p · z]; α is an involution.
Proposition 2.1. If the integers q0, . . . , qn are odd then the involution α is free.
Proof. Suppose that eq2p · z∼ z. Then eq2p · z= (eqp)k · z, for some integer k. There is an i ∈
{0, . . . , n} such that zi 6= 0. Then e(qi/2p)zi = e(qi/p)kzi . Hence e(qi/2p) = e(qi/p)k ,
which implies that
qi
2p
− qik
p
= qi(1− 2k)
2p
is an integer. This is impossible since qi is odd and prime to p. 2
3. The cohomology groups of lens spaces
We summarize some facts about the homology of the lens spaces; a detailed account
can be found in [1]. The lens space Lp(q) has a cell decomposition with one cell in each
dimension, up to the top dimension 2n+ 1. Its cellular chain complex is isomorphic to
0←C0 0← C1 p← C2 0← ·· · p← C2n 0← C2n+1← 0,
where each Ci is cyclic infinite, and the boundary map C2i
p← C2i+1 is multiplication
by p. Thus the homology groups of the lens spaces (with integer coefficients) are:
H0Lp(q) ∼= H2n+1Lp(q) ∼= Z; HiLp(q) = 0 if i is even; and HiLp(q) ∼= Zp if i is odd
and 0< i < 2n+ 1.
If p is odd then the cohomology groups Hi(Lp(q);Z2) of Lp(q) are isomorphic to Z2
for i = 0 and i = 2n+ 1, and are zero in the remaining dimensions.
If p is even then Hi(Lp(q);Z2)∼= Z2 in all dimensions i such that 06 i 6 2n+ 1, and
are zero otherwise.
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From now on we will suppress the coefficient group Z2 in the cohomology notation and
we will write HiLp(q)=Hi(Lp(q);Z2).
4. The cohomology ring of L2p(q) in the case when p is odd
The orbit space of the involution α :Lp(q)→ Lp(q) is Lp(q)=L2p(q). We will denote
by v the characteristic class of α; thus v ∈ H 1L2p(q). The Smith–Gysin sequence of the
double covering Lp(q)→L2p(q) is as follows:
0→H 0L2p(q) pi
∗→H 0Lp(q) τ→H 0L2p(q) ∪v→H 1L2p(q) pi
∗→ · · ·
τ→HiL2p(q) ∪v→Hi+1L2p(q) pi
∗→ · · · pi∗→H 2n+1Lp(q) τ→H 2n+1L2p(q)→ 0,
where pi :Lp(q)→ L2p(q) is the orbit map and τ is the transfer map. The Smith–Gysin
sequence shows that the cohomology ring of L2p(q) is isomorphic to the polynomial
ring over Z2 in one variable v of degree 1, truncated in degree 2n + 2; H ∗L2p(q) ∼=
Z2[v]/[v2n+2].
If p is odd, the cohomology groups of Lp(q) (mod 2) are isomorphic to that of the
sphere S2n+1. Thus for p odd, the mod 2 cohomology groups of the lens space Lp(q) with
the involution α and the cohomology ring of its orbit space L2p(q) are exactly the same
as those of the sphere S2n+1 with the antipodal involution and of its orbit space, the real
projective space P 2n+1, respectively. Moreover, if u ∈H 1P 2n+1 is the characteristic class
of the antipodal involution in S2n+1, then the assignment u 7→ v induces an isomorphism
of the cohomology rings H ∗P 2n+1 ∼=H ∗L2p(q).
Remark 4.1. The isomorphism H ∗P 2n+1 ∼= H ∗L2p(q) is, in fact, induced by a map
defined as follows. The map S2n+1 → Cn+1 − {0}, (z0, . . . , zn) 7→ (zp0 , . . . , zpn ), maps
each orbit of a to a single point, hence it induces a map ψ :Lp(q)→ Cn+1 − {0}.
Let r :Cn+1 − {0} → S2n+1 be the radial retraction and let φ = r ◦ ψ :Lp(q)→ S2n+1.
Then φ is equivariant, φ ◦ α = −φ, and it induces a map φ :L2p(q)→ P 2n+1 such that
φ :H ∗P 2n+1 ∼=H ∗L2p(q) is the isomorphism defined by u 7→ v.
This isomorphism can be used to obtain various Borsuk–Ulam–Yang type theorems.
For instance, given a map f :Lp(q)→ Rk , we can estimate on the size of “the antipodal
coincidence set” A(f ) = {y ∈ Lp(q) | f (y) = f (αy)}. In these estimates the ˇCech
cohomology theory is used. The results which are obtained are analogous to those which
hold for maps of spheres. For instance, we have the following theorem.
Theorem 4.2. Let f :Lp(q)→Rk . Then
cohom.dimA(f )= cohom.dimA(f )> 2n+ 1− k.
Here we denote by “cohom.dimY ” the cohomological dimension of Y , i.e., the largest
integerm for whichHmY 6= 0 (if it exists). The fact cohom.dimA(f )> 2n+1−k implies
that the covering dimensions of A(f ) and of A(f ) (which are equal) are > 2n+ 1− k.
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5. The case when p is even
If p is even, the cohomology group mod two, HiLp(q), is isomorphic to Z2 for every
06 i 6 2n+ 1, the cup-square v2 of the characteristic class v ∈H 1L2p(q) is zero, and the
Gysin–Smith sequence becomes rather trivial. In particular, the Z2-index of Lp(q) is one.
The cohomology ring H ∗L2p(q) is then isomorphic to∧
[v] ⊗Z2[w]/[wn+1],
where v ∈HiL2p(q) is the characteristic class, and w ∈H 2L2p(q).
In this case the one-dimensional characteristic class v is not useful and results similar to
Theorem 4.2 above cannot be obtained. In fact, not only is the Z2-index of Lp(q) equal to
one, but one can construct equivariant maps of lens spaces corresponding to cyclic maps
of even periods into spheres of lower dimensions as illustrated by the following example.
Example 5.1. There exists an equivariant map of L2(1,1), with the involution α, to S2.
Proof. There are several models of L2(1,1); for instance, the real projective 3-space P 3;
the rotation group SO(3) of R3; the Stiefel manifold V2,3 of orthonormal 2-frames in R3;
or the total space of the tangent unit circle bundle to S2. A map L2(1,1)→ S2 we want
can be described as follows.
We think ofC2 as the underlying complex space in the algebraH of quaternions with the
usual units 1, i, j, k. Let S3 be the unit 3-sphere inH, let J be the subspace ofH consisting
the quaternions in S3 whose real part is zero, and let S2 = S3 ∩ J. The map a :C2→ C2
of Section 1 is the antipodal map z 7→ −z and the involution α :P 3 → P 3 is induced
by z 7→ iz. Let g :S3→ S2 be the map z 7→ z−1jz. Then g(−z) = g(z) so it induces a
map L2(1,1)→ S2 and g(iz) = (iz)−1j (iz) = z−1i−1(j i)z = −z−1i−1kz = −z−1jz =
−g(z), so f is equivariant (compare [5, p. 115]). If we think of L2(1,1) as the tangent
circle bundle to S2, then f corresponds to the bundle projection on the base space S2. 2
6. Bundles of lens spaces
In a vector space bundle, the antipodal involution of its fibre extends to a fibre preserving
involution of the entire bundle, because the antipodal involution has a “geometric” mean-
ing: it commutes with linear maps. This is not so for periodic maps of periods other than
two since the eigenvalues of the map must be taken into account; they cause a splitting
of the vector space into eigenspaces. In this section we indicate how a unitary periodic
map of a complex vector space bundle leads to a splitting of the bundle into subbundles
corresponding to the eigenvalues of the map, a fact which may be well known.
We will assume in this section that p :E→ B is a complex vector space bundle of a
fibre dimension n.
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Lemma 6.1. Let f :E→ E be a unitary fibre preserving map of order p, f p = 1, over
the identity on B . Assume that B is a Hausdorff space. Then the spectrum of f is locally
constant.
Proof. The assertion of the lemma is of a local character, so we can assume that E =
B × Cn. The map f :B × Cn → B × Cn is of the form f : (x, z) 7→ a(x) · z, where
a(x) ∈U(n) and a :B→U(n) is continuous. For each y ∈B letΛ(y) denote the spectrum
of a(y) :Cn→Cn.
Let x ∈ B . Suppose that every neighborhood of x contains a point y ∈ B with Λ(y) 6=
Λ(x). Then there exists a sequence {yk} converging to x such that Λ(yk) 6= Λ(x). Since
this sequence of spectra takes on values in the finite set of subsets of the set of the p-roots
of 1, the sequence must eventually be constant. We can simply assume that the sequence is
constant, say, Λ(yk)=Λ. Each eigenvalue λ ∈Λ of a(yk) has an eigenvector vk ∈ S2n−1.
Since S2n−1 is compact, we may assume that the sequence {vk} converges to v ∈ S2n−1. By
the continuity of a :B→U(n), λ ∈Λ(x). This means that Λ⊂Λ(x). On the other hand,
if µ is an eigenvalue of a(x) then by the continuity of a again, it must be an eigenvalue of
a(yk). ThusΛ=Λ(x). 2
Corollary 6.2. Suppose that the base space B is connected and that f :E → E is a
unitary fibre preserving map of order p over the identity on B , as in Lemma 6.1. Then
the spectrum of f in every fibre is constant and E splits into a direct sum of its subbundles
corresponding to the eigenvalues of f .
Proof. Again we can assume that E = B × Cn. If y ∈ B, and if λ is an eigenvalue of
a(y) :Cn→ Cn, let Eλ(y) denote the eigenspace of a(y) for λ. For each vector v ∈ Cn
let piλ,v(y) denote the orthogonal projection of v on Eλ(y). Then piλ,v :B→ Cn is con-
tinuous.
Let (v1, . . . , vn) be a basis for Cn consisting of eigenvectors of a(x), and suppose that
λj(i) is the eigenvalue to which vi belongs, i = 1, . . . , n. By the continuity of a :B→U(n)
there is a neighborhoodN of x in B over which the n-tuple of vectorswi(y)= piλj(i),vi (y),
i = 1, . . . , n, is linearly independent. Thus for each y ∈N , w(y)= (w1(y), . . . ,wn(y)) ∈
Wn,n, whereWn,n is the (open) Stiefel manifold of linearly independent n-tuples of vectors
in Cn. Let Vn,n be the Stiefel manifold of orthogonal n-frames in Cn and let r :W→ V be
the Gramm–Schmidt retraction. Then (r ◦w)(y) is an orthogonal basis for each y ∈U , and
r ◦w :N→U(n) is continuous. This defines a local trivialization of the decomposition of
the bundle into sub-eigenbundles. 2
Definition 6.3. If f :E→E is a unitary fibre preserving map of order p over the identity
on B as in Corollary 6.2 and if the Zp-action in E generated by f is free (outside the zero
section), then we can associate to E and f a lens space bundle as follows. Suppose that
the eigenvalues of f are λ1 = e(r1/p), . . . , λn = e(rs/p) and E = E1 ⊕ · · · ⊕ Es , where
Ei is the eigenbundle of λi . Suppose that the multiplicity of λi is mi , i = 1, . . . , s; i.e.,
mi is the fibre dimension of Ei , and m1 + · · · +ms = n, the fibre dimension of E. Then
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the map f splits into a direct sum f = f1 ⊕ · · · ⊕ fs , where fi is the scalar multiplication
by λi = e(ri/p), i = 1, . . . , s. Since the action in E is free, the integers r1, . . . , rs are
prime to p. Let S→ B be the sphere bundle of E. Then the fibre of the orbit bundle S
is a lens space Lp(q), where q = (q1, . . . , qn), and qj = ri for m1 + · · · + mi−1 < j 6
m1 + · · · + mi , i = 1, . . . , s (in this notation, m0 = 0). We will refer to L→ B as lens
space bundle associated to E (and to the periodic map f ).
If p :E→ B is a complex vector space bundle with fibre Cn, and if a :Cn→ Cn is a
unitary periodic map of period p with a single eigenvalue, then a can be extended to a
fibre preserving periodic map f :E→ E, because a is just scalar multiplication by a pth
root of unity. This implies that a converse to Corollary 6.2 in the following sense is also
true. Suppose that a :Cn→ Cn is a unitary periodic map of period p with eigenvalues
λ1, . . . , λs and let V1, . . . ,Vs be the corresponding eigenspaces of a. Suppose that Ei is a
complex vector space bundle with fibre Vi , i = 1, . . . , s. Then a can be extended to a fibre
preserving periodic map f :E1 ⊕ · · · ⊕Es→E1 ⊕ · · · ⊕Es of period p.
7. Parametrized Borsuk–Ulam theorem for lens spaces
In [2] Dold defined the Stiefel–Whitney polynomial for a vector space bundle, an
invariant which can be used to describe the size of the antipodal coincidence set for fibre
preserving maps of sphere bundles into vector space bundles. In this section we show that
the Stiefel–Whitney polynomial can be used to obtain analogous information about bundles
of lens spaces associated to the given complex vector space bundle and a given periodic
unitary map, and about maps of such bundles into vector space bundles.
We will recall the construction of the Stiefel–Whitney polynomial. Suppose E→ B
is a vector space bundle with fibre Rm+1. Let S ⊂ E be the unit sphere bundle in E
with projection p :S→ B and let p :S→ B be the associated projective space bundle
obtained from S by the antipodal identification. Then H ∗B acts on H ∗S in the usual
way by b · y = (p∗b) ∪ y for b ∈ H ∗B and y ∈ H ∗S (recall that we are using the ˇCech
cohomology with coefficients mod 2). Let u ∈ H 1Sm (= H 1Pm) be the characteristic
class of the antipodal involution on Sm and let uS ∈ H 1S be the characteristic class of
the antipodal involution in the total space of the bundle S. Since the restriction of uS to
the fibre is u, and since the cohomology of the fibre of S is a free Z2-module with basis
1, u, . . . , um, the Leray–Hirsch theorem implies that H 1S is a free (H ∗B)-module with
basis 1, uS, . . . , umS . In particular, u
m+1
S =
∑m
i=0wi+1u
m−i
S , where w1, . . . ,wm+1 are the
Stiefel–Whitney classes of E.
The Stiefel–Whitney polynomial of the bundle E is defined to be
wE(t)=
m+1∑
i=0
wit
m+1−i ∈ (H ∗B)[t].
The evaluation map is the homomorphism of algebras e = eS : (H ∗B)[t] ∼= H ∗S defined
by the substitution t 7→ uS .
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Theorem (Dold [2]). Ker e is the ideal in (H ∗B)[t] generated by the Stiefel–Whitney
polynomial wE(t).
The kernel of e is just the Z2-index of the sphere bundle S in the sense of Fadell–
Husseini [3]; the Stiefel–Whitney polynomial is its generator.
Suppose now that E→ B is a complex unitary vector space bundle with a p-cyclic
action free outside the zero section and generated by a unitary map f :E → E. Let
S → B be its unit sphere bundle (with fibre S2n+1) and let L→ B be the resulting
lens space bundle with fibre Lp(q), q = (q0, . . . , qn). The integers q0, . . . , qn are prime
to p. We assume that p is odd. The involution α :Lp(q)→ Lp(q) defined in Section 2
extends to a free involution in the total space L of the bundle; we will still denote it by
α :L→ L.
As usual, S and L will denote the corresponding orbit space bundles. Let vL ∈H 1L be
the characteristic class of the involution α. Then, as above, H 1L is a free (H ∗B)-module
with basis 1, vL, . . . , v2n+1L .
Theorem 7.1. The assignment vL 7→ uS induces an isomorphism ι :H ∗L∼=H ∗S such that
the following diagram is commutative:
(H ∗B)[t] eS
eL
H ∗S
H ∗L
ι ∼=
Here eS and eL are the corresponding evaluation maps induced by t 7→ eS and t 7→ eL,
respectively.
Corollary 7.2. The kernel of eL is an ideal in (H ∗B)[t] generated by the Stiefel–Whitney
polynomialwE(t). In other words, the Fadell–Husseini Z2-index of L→ B is equal to that
of S→B .
Corollary 7.2 shows that the Stiefel–Whitney polynomial (or the Fadell–Husseini index)
can be applied to fibre preserving maps of bundles of lens spaces in the same way as to
maps of the sphere bundles from which they arise. In particular, we have the following
theorem. Suppose that E→ B is a complex vector space bundle of a complex dimension
n+ 1 with a fibre preserving unitary free action of period p. Suppose that L→ B is the
lens space bundle associated to E in the sense of Definition 6.3. Let α :L→L be the invo-
lution in L as described above. Suppose further that E′ → B is a real vector space bundle
of a fibre dimension k. Let f :L→E′ be a fibre preserving map over the identity on B . Let
A(f )= {y ∈ L |f x = f (αx)} ⊂ L be the “α-coincidence set”; it is an equivariant subset
ofL. The characteristic class vA(f ) ∈H 1A(f ) of the involution α in A(f ) is the restriction
of vL to A(f ). Let eA(f ) : (H ∗B)[t] →H ∗A(f ) be the map induced by the substitution
t 7→ vA(f ). We have the following theorem (compare Dold [2]).
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Theorem 7.3.
wE′(t) · (Ker eA(f ))⊂Ker eS.
That is, if a polynomial p(t) ∈ (H ∗B)[t] vanishes on A(f ) then there exists a polynomial
q(t) ∈ (H ∗B)[t] such that
wE′(t)p(t)=wE(t)q(t).
Proof. We first use the usual averaging construction to replace f on L by an equivariant
map. Define g :L→E′ by gy = f x−f (αx). Then g is equivariant andA(g)= g−1(0)=
A(f ). The remaining part of the proof is is similar to that of 1.4 in [2]. 2
Again, just as in [2] for sphere bundles, we have the following corollary for bundles of
lens spaces.
Corollary 7.4. If p(t) is a polynomial with 0< degp(t) 6 2n+1− k then p(t) |A(f )=
p(vA(f )) 6= 0. That is, the map
2n+1−k⊕
i=0
(H ∗B) · t i→H ∗A(f )
given by t 7→ t | A(f )= vA(f ) is a monomorphism.
Corollary 7.5. cohom.dimA(f )= cohom.dimA(f )> cohom.dimB + 2n+ 1− k.
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